Broadcasting Quantum Fisher Information 
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It is well known that classical information can be cloned, but non-orthogonal quantum states 
cannot be cloned, and non-commuting quantum states cannot be broadcast. We conceive a sce- 
nario in which the object we want to broadcast is the statistical distinguishability, as quantified by 
quantum Fisher information, about a signal parameter encoded in quantum states. We show that 
quantum Fisher information cannot be cloned, whilst it might be broadcast even when the input 
states are non-commuting. This situation interpolates between cloning of classical information and 
no-broadcasting of quantum information, and indicates a hybrid way of information broadcasting 
which is of particular significance from both practical and theoretical perspectives. 

PACS numbers: 03.67.Hk, 03.65.Ta 



One of the most fundamental information tasks in com- 
munication is the dissemination of resources, such as 
quantum states [3-13]) or correlations @-12|. In contrast 
to the classical regime, quantum mechanics usually im- 
poses strong limitations on such a task. Celebrated ex- 
amples are no-cloning of non-orthogonal quantum states 
1|, no-broadcasting of non-commuting quantum states 
2L and no-local-broadcasting of quantum correlations 
lfj . [l2j ]. However, in many theoretical and practical is- 
sues, it is not the states, but rather the information about 
a signal parameter encoded in the quantum states, that 
is needed to be disseminated. The information carried by 
a physical parameter is usually synthesized by quantum 
Fisher information (QFI) 13-22], which is the minimum 
achievable statistical uncertainty in the estimation of the 
parameter, and plays a fundamental and crucial role in 
both quantum foundation and quantum practice such as 
quantum metrology [231 ] . This motivates us to study the 
cloning and broadcasting of QFI. 




FIG. 1: The states erg are "broadcast", by the channel A, to 
the bipartite states pg, with reduced states p% = tr b pg, p b g = 
tr a pe- While broadcasting states requires pg = pg = ag,\/ 9, 
broadcasting QFI only requires F(pg) = F(pg) — F(a e ), V 8. 
Apparently, the former implies the latter, but the converse is 
not true in general. 



probability distribution pe(j) := tr pgMj with the cor- 
responding (classical) Fisher information F(p$\M) := 



E 7 PeO')( 9 elogpe(j))^ 



In this Letter, we show that QFI cannot be cloned, 
whilst it might be broadcast even when the underlying 
states encoding the parameter are non-commuting. In 
particular, we prove that QFI can be infinitely broad- 
cast if and only if it is uniform, whose exact meaning 
will be given later. Moreover, we identify all states aris- 
ing from broadcasting of QFI. As a hybrid object lying 
between purely classical information and fully quantum 
information, QFI is of unique significance in quantum in- 
formation processing. Our results shed new insights into 
the nature of QFI. 

Quantum Fisher information. -To estimate a physi- 
cal parameter encoded in a family of quantum states 
{pe}e e e, one performs a measurement M — {Mj}, 
mathematically described by a positive-operator-valued 
measure, on the states and then forms an estimator 
9 of the parameter in terms of the measurement out- 
comes. The measurement M induces a parametric 



For an unbiased estimator 0, the 
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celebrated Cramer-Rao inequality [13j, llj] , A6 
6) 2 } > ^/ F(pe\M), provides a fundamental limitation to 
the estimation precision. In order to achieve the best 
precision, one needs to maximize the Fisher information 
F(pg\M) over all measurements M . The maximum value 
is given by QFI 0, F(p 8 ) := tr p g L 2 e = max M F{p e \M), 
which is an intrinsic measure for the statistical distin- 
guishability of states of the family {pe} in the neigh- 
borhood of pg. Here the symmetric logarithmic deriva- 
tive (SLD) Lg is determined by the equation dgpg = 
(Lgpg + pgLg)/2. A measurement, which usually depends 
on the parameter, achieving the maximum Fisher infor- 
mation is called an optimal distinguishing measurement. 
Moreover, QFI is the infinitesimal metric of both the Bu- 
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with which a Riemannian geometry can be endowed 
on the space of states (2|| [26[. Here A(pi,p 2 ) := 

1/2, 



1/2M/2 



cosds(pi, p 2 ) is the fidelity [27 1 



Consequently, for two neighboring states and pg+de, 
one has d B (pe, Pe+de) = d s {pe, Pe+de) = \F{pe)dd 2 . A 
measurement achieving the equality in Eq. (JlJ is called 
an optimal distinguishing measurement for p\ and p 2 . 

The task we consider is to disseminate the statistical 
distinguishability, as quantified by QFI, of a parameter 
8 G 8. The setup, as depicted in Fig. 1, is similar to 
the conventional cloning and broadcasting scenario: The 
states are "broadcast" to two parties a and b through 
a channel A : erg H> pg G S(H a (gi H b ) (state space). 
The reduced states for parties a and b are p g = tr^pg, 
Pg = tr a pg , respectively. Unlike the conventional broad- 
casting, we are not interested in the quantum states 
themselves, but rather the physical parameter 8. We 
say that QFI of {erg}gee can be cloned if there exists 
a channel A : erg i-> pg G S(H a ® i? b ) such that (i) 
F(pg) = F(^) = F(a e ); (ii) ^ = p a g ® ^- We say that 
QFI can be broadcast if only (i) is required. 

No-cloning of QFI. -First, we show that QFI cannot be 
cloned except for the trivial case of vanishing QFI. In 
fact, there exists a strong restriction to the distribution 
of QFI in case of factorized output states. 

Theorem 1. QFI cannot be cloned in the sense that 
for any channel A: erg n> pg ® p b e , if F(p g ) = F(crg), then 
F(p g ) — 0. That is, if one party obtains the same QFI as 
the input states, then the other party cannot have any 
positive QFI. 

This is a consequence of the additivity of QFI for fac- 
torized states, F(p g ®p b g ) — F(p g )+F(p g ), andthemono- 
tonicity of QFI under quantum channels, F(p g ® p b g ) < 

F(crg). Note that F(p b ) = if and only if L b ^ g = 0, 

which in turn implies that dgp b g = 0. Here L b g is SLD of 
p g . In this sense, we say that party b cannot have any 
information about the parameter. Theorem 1 may be 
viewed as a no-imprint principle for QFI. It is more gen- 
eral than the no- imprint principle for quantum states 0] , 
where the restriction is keeping quantum states, stronger 
than keeping distinguishability. 

Broadcasting of QFI. -In the broadcast scenario, the 
correlations between different parties are allowed. The 
broadcasting of quantum states always implies the broad- 
casting of QFI, but the converse is not true in general. 
In particular, in view of the no-broadcasting theorem for 
quantum states, namely, non-commuting states cannot 
be broadcast 2], QFI of a parametric family of com- 
muting states can always be broadcast. On the other 
hand, since the previous no-broadcasting theorems show 
strong relevance with non-commutativity, one may ask 
whether the relation between non-commutativity and no- 
broadcasting is universal or not. Here, we show that 
QFI in some non-commuting quantum states can also be 
broadcast. 



First, we consider an illustrative example. The fam- 
ily of equatorial states {og = \ipe)(ipe\}ge[o.2TT) with 
\ijjg) = — i= ( 1 0) + e lB |1)) is apparently not a commut- 
ing family, and cannot be broadcast or cloned. Its ap- 
proximate cloning has a remarkable application in quan- 
tum cryptography, through the link between cloning and 
eavesdropping 0, (28|. However, QFI of {erg} can be 
broadcast: A Hadamard gate, followed by a controlled- 
NOT operation taking the input qubit as the source qubit 
and another qubit prepared in |0) as the target qubit, 
yields the states 
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from which we obtain F(erg) = F(p g ) = F(p g ) — 1, with 
pg = \^g b )(^g b \ and reduced states p% and p\. 

It is of basic importance to determine for what kinds of 
parametric states, QFI therein can be broadcast. We first 
have the following observations, (i) QFI at a fixed param- 
eter point, e.g., 8 = 8q, can be broadcast to any number 
of parties, through the broadcasting of the outcomes of 
an optimal distinguishing measurement Mg = {Mjig }, 
which depends on 8q. In other words, via the channel 



cr B p = teveMj\g • (|j) 



(2) 



we have F{p g k ^) = F{ag) at 8 = 8 0l where p g k ' is the 
reduced states for party k. (ii) Unless the measurement 
Mg in Eq. ^ is also optimal at other parameter points, 
the broadcasting channel ([2]) cannot be used to broad- 
cast QFI at those parameter points. These observations 
indicate that the broadcasting of QFI is relevant to the 
dependence of the optimal distinguishing measurements 
on the parameter. This motivates us to introduce the fol- 
lowing definitions: We say that QFI of {crg}g e Q can be 
infinitely broadcast, if it can be broadcast to any num- 
ber of parties. We say that QFI of {crg}g G Q is uniform if 
there exists a single measurement, which is optimal for 
distinguishing any 8 G 0, i.e., achieving the equality in 
F{pg) = maxjvf F{pg\M). Now our main result, which is 
reminiscent that a bipartite state is infinitel y sy mmetric 
extendible if and only if it is separable (29l. l30||. may be 
stated as follows. 

Theorem 2. QFI of a parametric family of states 
{erg}g<zQ can be infinitely broadcast if and only if it is 
uniform. 

First, it is clear that if QFI is uniform, then it can be 
infinitely broadcast by the channel given by Eq. To 
establish the converse, we assume without loss of gener- 
ality that the parameter domain O is the unit interval 
[0, 1]. Consider the states {(Ji/ n }i=o,i,— ,n> we nrs t show 
that if the statistical distance between two neighboring 
states can be broadcast to m parties in the sense that 
there exists a channel A : er i j n n- p i i n G S(H® m ) such 
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that for all i and k, 



dsOi/„,cr( 4+ i)/„) = da(Pi/n,P(i+l)/ n ) = d S (/>j/ n ,P(*| !)/„)• 

then for every m+ 1 consecutive states in {crj/ n }i=o,i,--- ,n 
there exists a single optimal measurement to distinguish 

(k) 

the neighboring states. Here p\, J n is the reduced state 
for party k. To prove this, let us first consider the 
case m = 2 (two parties a and b). The broadcasting 

condition, ffe(/ty„, P{i+i)/ n ) = d s{pf/ n , P(f+i)/„) ; fc = 
a, 6, implies that there exist local optimal distinguish- 
ing measurements Mf i+1 and M b i+1 for the two neigh- 
boring states Pi/ n and p(i + i)/ n . Moreover, M° i+1 <g) 
i+2 is an optimal distinguishing measurement for 
both the pairs of neighboring states (Pi/m P(i+i)/n) and 
(P(i+i)/n; P(j+2)/n)j since the measurement-induced prob- 
ability distribution for party a gives the largest possi- 
ble distinction between states Pi/ n and P(i+i)/ n , while 
the one with respect to party b gives the largest possi- 
ble distinguishability between P(i+i)/ n and pu+2)/ n , as 
illustrated in Fig. 2. In the meantime, note that if 
M = {Mj} is an optimal distinguishing measurement 
for A(cri) and A(cr 2 ), then A*(M) := {At(M,-)} is an 
optimal distinguishing measurement for <j\ and 02 ■ This 
is because performing A^(JVf) on er and performing M 
on A(a) yield the same probability distribution and thus 
the same distinguishability. Consequently, IviM®^^ <E) 
M b +li+2 ) is an optimal distinguishing measurement for 
both {(T l / n ,(J(i + i)/n) and (i+1)/n , cr (l+2)/ „). This pro- 
cess can be straightforwardly extended to any m parties, 
and leads to the conclusion that if the statistical distance 
can be broadcast to m parties, then there exists a sin- 
gle optimal distinguishing measurement for every m + 1 
consecutive states. So the infinite-broadcasting of the 
statistical distance implies a single optimal distinguish- 
ing measurement for all states. When n — > +oo, the 
statistical distance is proportional to QFI, and we obtain 
the desired result. 

It should be emphasized that for finite broadcasting, 
the uniformness of QFI is not necessary for the broad- 
casting of QFI. In order to elucidate this, we first iden- 
tify all states arising from broadcasting of QFI. We say 
that pe G S(H® n ) is a family of n-partite QFI-broadcast 
states in the parameter domain 8, if F(pg ) — F{pg) for 
every 9 £ ® and every k. In what follows, we will take the 
notational convenience such as X a Y ab = (X a <g> l b )Y ab . 

Theorem 3. pg £ S(H® n ) is a family of n-partite 
QFI-broadcast states if and only if any SLD for the re- 
duced states of any party is also an SLD for pg . 

The sufficiency readily follows from the calculation of 

(k) (k) 

QFI. Indeed, if L\ , an SLD for p\ , is also an SLD for 



then 
F(pe 



tr pgL 



(k)2 



F( Pe k) ) 



To prove the necessity, we make use of the optimal 
distinguishing measurements. The condition F(pg) = 




Pun* M" Pd+D/r^- M" P(i+2)l " 

run ivi . j+ , ivi i+1 j +2 



FIG. 2: Broadcasting of the statistical distance vs. the uni- 
formness of QFI. Mf i+1 and M% i+1 are local optimal dis- 
tinguishing measurements for the local neighboring states 
W/n> P(i+iyn) and (Pi/ n) P(i+i)/J> respectively, M£ i+1 <g> 
M i+l i+2 is an optimal global distinguishing measurement for 
both (pi/ n , P(»+i)/ n ) and (p( j+1) /„, P( i+2 )/n) due to the broad- 
casting condition. When n, which is the number of divisions 
for the parametric family states, tends to infinite, the statis- 
tical distance between neighboring states tends to QFI, and 
thus broadcasting infinitesimal statistical distance amounts 
to broadcasting QFI. 



F{Pg k ^) implies that there exists a local optimal mea- 
surement Mg^ = {Mjuj} for distinguishing 6. On the 
other hand, it is known that Mg — {Mj\g} is an optimal 
distinguishing measurement for 6 if and only if [16| 



M j\e L e 



Pe = u J\e M j\g Pg > U, 



(3) 



where Uj\g :— dglogtr pgMj\g when pgMj\g is nonzero, 
and vanishes otherwise. Equation Q implies that 

Lgpg — (y2j Uj\gMj\Q^j pg, which in turn indicates that 

Because M[ k ^ is an op- 



J2j u j\eMj\g is an SLD for 

timal distinguishing measurement not only for 
also for pg, 



-(*) 



E 

3 



9 e log(tr pgM^ ■ M, 



r(fe) 
L j\6 



but 



(4) 



(k) 

is an SLD for both p g and pg. Moreover, every SLD 

for pg can be expressed in the form of Eq. ([4|, e.g., 
taking Mj\g as the eigenstates of the SLD. Thus, for QFI- 

(k) 

broadcast states pg, every SLD for p g is also an SLD 
for pg. 

From Theorem 3, we can derive an important prop- 
erty of QFI-broadcast states: [p g k \ dgpg] = for the 
reduced states of any QFI-broadcast state pg. 

To establish this, without loss of generality, we con- 
sider two parties a and b. According to Theorem 3, L g 
and Lg are both SLD for pg . Due to the uniqueness of the 
product of SLD and the state [3l|, we have Lgpg = L b e pg, 
which implies Lgpg = tr^Lgpg = Xx^L^pg. Similarly, we 
have PgLg = tr& pgLg = tr& pgL b e . From the cyclic prop- 
erty of trace, tr fc L\pg = tr b p g L b e , we get L a e p a g = p a s L a g. 

Now we have a better understanding of the relation 
between non-commutativity and no-broadcasting. QFI- 
broadcasting is necessary, but not sufficient, for the 



4 



broadcasting of quantum states. It is the requirement of 

(k) 

the broadcasting of quantum states, i.e., p s = ag, that 
transfers the commutativity from reduced states of the 
output states to the input states. This can also be seen 
from the original proof of the no-broadcasting theorem 
for quantum states 

The neighboring commutativity, [p e k \ dgp^] = 0, 
most likely but not necessarily leads to the (pairwise) 
commutativity. If there exists a party for which the re- 
duced states pi k ^ of the QFI-broadcast states are pairwise 
commuting, then the common eigenbases, with which all 
p e with 9 e 6 are simultaneously diagonalized, make 
up a single local optimal distinguishing measurement for 
{pe}eee- Thus, QFI of is uniform, which in turn 

implies the uniformity of QFI of input states {<Je}e^Q, 
and hence their infinite broadcastability. 

To show that the uniformness of QFI is not necessary 
for finite broadcasting of QFI, we explicitly construct a 
family of bipartite QFI-broadcast states whose QFI is 
not uniform. Without requiring the smoothness of the 
parametrization, such a family of two-qubit states can 
be constructed as og — \^fg)(^fg\ with 

(hM-0)), if0€[-7r/2,-7r/4], 
l*0> = ^hM0)>, if0e(-7r/4,7r/4], 
lhM0)>, if0€(7r/4,7r/2], 

where \tpu(8)) — cos 6 \i) ® \i) + sin# \i) (g) \i) for i = x, 
y and z, \x), \y) and \z) are the eigenstates of the cor- 
responding Pauli matrices with the eigenvalue 1, while 
\x) , \y) and \z) are those with eigenvalue —1. QFI of 
{ <T e}ee[-7r/2.7r/2] is not uniform, since there does not ex- 
ist a single optimal distinguishing measurement for the 
whole domain, however, it can be broadcast by distribut- 
ing the two qubits to two parties directly, since ag are 
themselves bipartite QFI-broadcast states. 

Discussion. -By measuring the statistical distinguisha- 
bility of a parameter in terms of QFI, we have estab- 
lished a no-cloning theorem for QFI and a no-infinite- 
broadcasting theorem for non-uniform QFI. The results 
extend the no-broadcasting theorem for quantum states 
[H , and shed new lights on quantum communication and 
quantum metrology. It is also interesting to note that 
QFI-broadcasting is complemen tary to the environment- 
assisted precision measurement [32[ , whose essence is the 
concentration of QFI from the system-environment en- 
tirety into the system. 

The broadcasting and manipulation of QFI is of broad 
significance for quantum information processing, opens 
new research directions, and indicates an alternative way 
in understanding the boundary and link between classical 
and quantum information. 

Firstly, in practice, many important quantities are rep- 
resented by parameters, which in turn are physically en- 
coded in quantum states, and thus the estimation or mea- 
surement of the parameters, rather than the quantum 



states themselves, are of practical relevance. It is much 
costly, and actually not necessary, to gain complete in- 
formation about the quantum states. QFI information 
is a fundamental ingredient in such a scenario. For ex- 
ample, the phase estimation is an extremely important 
issue. It is the relative phase in superposition or coher- 
ence, rather than the superposed quantum states them- 
selves that needs to be estimated or measured. 

Secondly, in quantum foundations, a crucial and long 
standing problem is to depict the boundary between clas- 
sical and quantum information, which actually lies in the 
heart of quantum decoherence and quantum measure- 
ment. This may first require our deeper understanding 
of quantities lying between classical and quantum na- 
ture. QFI is precisely such an intrinsic and hybrid char- 
acter. In fact, QFI represents a kind of information in- 
termediate between the classical parameters (which can 
be freely cloned and broadcast) and complete quantum 
information (represented by quantum states, but cannot 
be broadcast in general) . Thus the understanding of QFI 
may serves as a bridge connecting our theories between 
classical and quantum and in particular may open a new 
avenue in attacking the manifestation of classicality from 
quantum substrate. 

Thirdly, QFI broadcasting has immediate implications 
in some quantum metrology problems, where quantum 
sensors and measurement apparatus are connected by 
noise channels. In order to overcome the loss and in- 
crease the receiving efficiency, one can utilize the broad- 
casting technology to distribute information. However, 
broadcasting quantum states is not only very restricted, 
but also unnecessary in many cases. Broadcasting QFI 
relaxes the restrictions to a great extent, shows much 
more flexibility, and keeps the essence of information. 
More importantly, equatorial states, which are the most 
often used ones in quantum precision measurement, can 
be QFI-broadcast. 

Finally, we mention the important subject of protec- 
tion and transmission of quantum Fisher information in 
theoretical and experimental quantum parameter estima- 
tion, as opposed to the protection and transmission of 
quantum states, which are much more costly and com- 
plicated. For example, decoherence-free subspaces for 
phase estimation still focus on the protection of quan- 
tum states [33| . The situation will be quite different if 
we consider the protection of QFI instead. Our work 
can help to develop novel strategies for robust quantum 
enhanced phase estimation against noise. 
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